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Abstract
It is proved that C(K,E) (the space of all continuous functions on a Hausdorff compact space K taking values in a Banach
space E) admits an equivalent locally uniformly rotund norm if C(K) and E do so. Moreover, if the equivalent LUR norms on
C(K) and E are lower semicontinuous with respect to some weak topologies, the LUR norm on C(K,E) can be chosen to be
lower semicontinuous with respect to an appropriate weak topology. As a consequence we prove that if X and Y are two Hausdorff
compacta and C(X), C(Y ) admit equivalent (pointwise lower semicontinuous) LUR norms, then so does C(X × Y ).
© 2008 Elsevier Inc. All rights reserved.
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1. Introduction
The existence of an equivalent locally uniformly rotund (LUR) norm on a given Banach space is a well-known and
intensively studied notion with important applications. Let us recall the definition.
Definition 1.1. Let Z be a Banach space. A norm ‖.‖ on it is said to be locally uniformly rotund (LUR) if whenever
{xn}∞n=1 is a sequence in the unit sphere and x is a point in the unit sphere such that limn→∞ ‖xn + x‖ = 2 then{xn}∞n=1 converges to x in the norm.
We are interested in the stability of LUR-renormability under tenzor products. The starting point of our investiga-
tion was the following theorem proved in [5].
Theorem 1.2. Let {Xγ : γ ∈ Γ }, with Γ an arbitrary index set, be a family of compact Hausdorff spaces. Suppose
that for each finite subset Φ of Γ the space
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(∏
{Xϕ : ϕ ∈ Φ}
)
has an equivalent locally uniformly rotund norm. Then
C
(∏
{Xγ : γ ∈ Γ }
)
has an equivalent locally uniformly rotund norm.
It was not clear is it possible to replace the condition that C(
∏{Xϕ : ϕ ∈ Φ}) admits an equivalent LUR norm,
by the more elegant condition that each C(Xγ ), γ ∈ Γ , admits an LUR norm. This question was posed in [5]. The
answer would be clear if one could do with the cartesian products of two Hausdorff compacta. In this work we answer
positively the above question. In fact, we prove that whenever K is a Hausdorff compact space, E is a Banach space
and both C(K), E admit an equivalent locally uniformly rotund norm, then so does C(K,E). Moreover, we are able to
control the lower semicontinuity properties of the new LUR norm. Of course, they depend on the lower semicontinuity
properties of the given LUR norms on C(K) and E with respect to some weak topologies. Let us write the precise
formulation.
Definition 1.3. If Z is a Banach space, a subspace Z′ of its dual is said to be norming, if
inf
{[
sup
|〈z∗, z〉|
‖z∗‖.‖z‖ : z
∗ ∈ Z′ \ {0}
]
: z ∈ Z \ {0}
}
> 0.
We will denote the topology of the pointwise convergence on Z′ by σ(Z,Z′).
Let E be a Banach space and K be a Hausdorff compact space. We consider on them the weak topologies τ1 =
σ(E,F ) and τ2 = σ(C(K),T ) generated by some norming linear subspaces F and T of E∗ and C(K)∗, respectively.
We will assume that τ2 is stronger than the pointwise topology on C(K). Let us consider the space C(K,E) of all
continuous functions defined on K and taking values in E. If we fix a linear functional μ on E which belongs to F
and a continuous E-valued function f : K → E, then μ(f ) is a continuous real-valued function on K , defined by
μ(f )(x) = μ(f (x)). Therefore the value ν(μ(f )) (denoted by (ν ◦μ)(f )) for ν ∈ T is well defined. Thus ν ◦μ can be
considered as a continuous linear functional on C(K,E). We will denote the linear subspace of C(K,E)∗ consisting
of these elements by
T (F ) := {ν ◦μ: μ ∈ F, ν ∈ T }.
We will denote the weak topology σ(C(K,E),T (F )), generated by it, by τ = τ1 × τ2. Under these assumptions
the space T (F ) is norming if C(K,E) is endowed with the usual uniform norm. Indeed, using that T contains all
evaluation functionals (τ2  p) and F is norming, we obtain
sup
{
(ν ◦μ)(f ): ν ◦μ ∈ T (F )} sup{μ(f (x)): x ∈ K, μ ∈ F}= sup{sup{μ(f (x)): μ ∈ F}: x ∈ K}
 sup
{
C.‖f (x)‖: x ∈ K}= C.‖f ‖∞.
Now we are ready to state
Main theorem 1.4. Let K be a Hausdorff compact space, E be a Banach space and τ1, τ2, τ be as above. Let
E admit a τ1-lower semicontinuous locally uniformly rotund renorming and C(K) admit an equivalent τ2-lower
semicontinuous locally uniformly rotund norm. Then C(K,E) has a τ -lower semicontinuous locally uniformly rotund
norm.
Now let X and Y be two Hausdorff compact spaces. The natural topologies to consider on C(X), C(Y ) are the
topology of pointwise convergence and the usual weak topology. There is a straightforward isomorphism between the
spaces C(X,C(Y )) and C(X × Y),
f (x)(y) ↔ f (x, y)
which preserves the natural weak topologies as well. Thus we immediately get
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admits a (pointwise lower semicontinuous) equivalent LUR norm as well.
Using the above result and Theorem 1.2, we have
Corollary 1.6. Let {Xγ : γ ∈ Γ }, with Γ an arbitrary index set, be a family of compact Hausdorff spaces. Suppose
that for each γ ∈ Γ the space C(Xγ ) has an equivalent locally uniformly rotund norm. Then
C
(∏
{Xγ : γ ∈ Γ }
)
has an equivalent locally uniformly rotund norm.
In [1] Deville and Godefroy remarked that Zizler’s renorming theorem preserves the pointwise lower semicon-
tinuity of the norms. Thus Theorem 1.2 remains valid if we replace “equivalent LUR norm” by “pointwise lower
semicontinuous LUR norm” both in the assumptions and in the conclusion. This also may be considered as a corol-
lary to the transfer technique due to Raja (cf. [8]). Therefore Corollary 1.5 yields
Corollary 1.7. Let {Xγ : γ ∈ Γ }, with Γ an arbitrary index set, be a family of compact Hausdorff spaces. Suppose
that for each γ ∈ Γ the space C(Xγ ) has an equivalent pointwise lower semicontinuous locally uniformly rotund
norm. Then
C
(∏
{Xγ : γ ∈ Γ }
)
has an equivalent pointwise lower semicontinuous locally uniformly rotund norm.
We would like to mention that we do not know does there exist a Hausdorff compact space X such that C(X) has
an equivalent LUR norm, but does not admit an equivalent pointwise lower semicontinuous LUR norm.
The classical approach to the question we are interested in meets substantial difficulties. The main tool we need
in our investigation is a deep characterization of LUR renormability of a Banach space due to Moltó, Orihuela and
Troyanski (cf. [6]). It reveals the strong connection between the topological properties of the Banach space endowed
with its weak topology, and its geometrical properties. The key topological property, “countable cover by sets of small
local diameter,” was introduced by Jayne, Namioka and Rogers and studied deeply in [3,7]:
Definition 1.8. (See [4].) Let (X, τ) be a topological space and ρ be a metric on it. We say that X has a countable
cover by sets of small local ρ-diameter (or ρ-SLD for short) if for every positive real ε one can split the space into
countably many parts
X =
∞⋃
n=1
Xεn
in such a way that for every positive integer n and every point x ∈ Xεn there exists a τ -open set U containing x and
satisfying
ρ − diam(U ∩ Xεn)< ε.
It happens that one needs some convexity as well to get norms. The exact property needed for the existence of LUR
renorming is the following:
Definition 1.9. Let Z be a Banach space and Z′ ⊂ Z∗. It is said that Z has Z′-sJNR, if for every positive real ε one
can split the space into countably many parts
Z =
∞⋃
Zεn
n=1
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that the slice
S(Zεn, z∗, α)= {y ∈ Zεn: z∗(y) > α}
contains z and satisfies diam(S(Zεn, z∗, α)) < ε.
Note that the only difference between the properties “countable cover by sets of small local diameter” and “Z′-
sJNR” in the context of a Banach space Z endowed with the weak topology σ(Z,Z′) is that the arbitrary σ(Z,Z′)-
open set U is replaced by a σ(Z,Z′)-open halfspace. We are going to state a sharper version of the characterization
of Moltó, Orihuela and Troyanski which is due to M. Raja (cf. [8, Theorem A]). It allows to control the lower semi-
continuity of the norm.
Theorem 1.10. Let Z be a Banach space and Z′ be a norming linear subspace of its dual Z∗. Then the following are
equivalent:
(i) Z admits an equivalent σ(Z,Z′)-lower semicontinuous LUR norm;
(ii) Z has Z′-sJNR.
The similarity between the properties “countable cover by sets of small local diameter” and “Z′-sJNR” allows us
to use in the proof of the main theorem a construction applied in [9] to prove that if X and Y are Hausdorff compacta
such that C(X) admits an equivalent pointwise-Kadec norm and C(Y ) with its pointwise topology has countable cover
by sets of small local norm diameter, then the space C(X × Y) with its pointwise topology has countable cover by
sets of small local norm diameter as well. A version of these ideas is included in the proof under the name “the 1st
and the 2nd step of the construction” and it is implemented in the case of a tenzor product. Thus our proof gives the
following result.
Theorem 1.11. Let K , E, T and F be as in the setting of the main theorem. Let E admits an equivalent norm which is
τ1-Kadec (that is the norm topology and τ1 coincide on the unit sphere). Let (C(K), τ2) has countable cover by sets
of small local norm diameter. Then (C(K,E), τ ) has countable cover by sets of small local norm diameter.
2. Proof of the main theorem
The proof of the theorem makes use of the construction in the proof of a stability property concerning countable
cover by sets of small local diameter. We include the construction here because of some changes in it (see [9]).
Throughout the whole proof the positive real ε > 0 will be fixed, E and C(K) will be considered endowed with
the equivalent τ1 (respectively τ2) lower semicontinuous locally uniformly rotund norms. Without loss of generality
we can assume that
‖h‖max{h(x): x ∈ K} c‖h‖ whenever h ∈ C(K).
We are going to split C(K,E) into countably many parts in such a way that for every E-valued continuous function f
on K there exists a functional belonging to T (F ) such that some slice cut by it from the part to which f belongs
contains f and has diameter less than ε.
The next two lemmata will be implemented in a Banach space Z with a weak topology σ(Z,Z′) on it generated
by some linear Z′ ⊂ Z∗. Moreover, we assume that the norm of Z is locally uniformly rotund and σ(Z,Z′)-lower
semicontinuous. We do it as we shall apply these lemmata to both (E, τ1) and (C(K), τ2). The unit ball and the unit
sphere of Z will be denoted by B and S, respectively.
The first lemma is contained in [8].
Lemma 2.1. For every point z0 ∈ S and for every positive real δ there exist a continuous linear functional z∗0 ∈ Z′ of
norm one and a rational number r ∈ (0,1) such that the slice
S(B,z∗0, r) := {z ∈ B: z∗0(z) > r}
has norm diameter less than δ and contains z0.
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Unr = {Unrξ : 1 ξ < ξ},
where n = 1,2, . . . ; r ∈Q∩ (0,1), which consist of σ(Z,Z′)-open subsets of B and have the following properties:
(i)
∞⋃
n=1
⋃
r∈Q∩(0,1)
( ⋃
ξ∈[1,ξ)
Unrξ
)
= U ∩B ⊃ S,
for some σ(Z,Z′)-open subset U of Z;
(ii) for every positive integer n there exists a positive real δn, such that for every ordinal ξ ∈ [1, ξ) and rational
r ∈ (0,1) there exist a functional z∗ ∈ Z′ of norm one and a real α such that Unrξ ⊂ {z ∈ Z: z∗(z) > α + δn} and
diam({z ∈ B: z∗(z) > α}) < δ;
(iii) all sets Unrξ in Unr are unions of slices of the form
Unrξ =
⋃
z∗∈Mnrξ
{
z ∈ B: z∗(z) > r},
where Mnrξ are subsets of the unit sphere of Z′.
Proof. To prove the lemma we will apply the construction in the proof of the Stone’s theorem (see for example
Engelking [2, Theorem 4.4.1]) to the family of slices of norm diameter less than δ defined by functionals belonging
to Z′. Precisely, let z ∈ S be arbitrary. Then there exists a σ(Z,Z′)-open halfspace Wz containing z, whose intersection
with B has norm diameter less than δ.
For a positive integer n let Wnz be a σ(Z,Z′)-open halfspace of the form{
z′ ∈ Z: z∗(n, z)(z′) > r(n, z)}
(here r(n, z) is some rational number and z∗(n, z) is some functional in Z′ of norm one depending on z) containing z
and such that the slice
S(B,z∗(n, z), r(n, z))= Wnz ∩B
has the properties diam(Wnz ∩ B) < 12n and Wnz ∩B ⊂ Wz. Such a slice exists by the previous lemma.
Let us well order S = [0, ξ) and let us consider the family {Wξ }ξ∈[0,ξ). It covers S. We fix the rational r ∈ (0,1)
and define inductively on ξ the sets Anrξ as consisting of those elements z ∈ S which satisfy the following conditions:
(1) {y ∈ Z: ‖z − y‖ 32n } is contained in Wξ ;(2) z /∈ Wη whenever η < ξ ;
(3) r(n, z) equals r .
Then we put Mnrξ = {z∗(n, z): z ∈ Anrξ } and
Unrξ :=
( ⋃
z∈Anrξ
Wnz
)
∩ B =
⋃
z∗∈Mnrξ
S(B,z∗, r).
The sets Unrξ are relatively σ(Z,Z′)-open in B . We put U to be
U :=
∞⋃
n=1
⋃
r∈Q∩(0,1)
( ⋃
ξ∈[0,ξ)
⋃
z∈Anrξ
Wnz
)
.
Obviously
U ∩B =
∞⋃
n=1
⋃
r∈Q∩(0,1)
⋃
Unrξ .ξ∈[0,ξ )
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integer n so big that the norm ball centered in z with radius 32n is contained in Wξ and let r be r(n, z). Then z ∈
Anrξ ⊂ Unrξ .
We will prove that the families {Unrξ : ξ ∈ [0, ξ)} are discrete in the norm topology for every n, r . It will be sufficient
to show that if z1 ∈ Unrξ1 and z2 ∈ Unrξ2 , ξ1 = ξ2, then ‖z1 −z2‖ > 12n . Indeed, for i = 1,2 the inclusion zi ∈ Unrξi implies
that there exists zi ∈ Anrξi with zi ∈ Wnzi ∩B . Let us remind that diam(Wnzi ∩B) < 12n . So, ‖zi − zi‖ < 12n . On the other
hand, conditions (1) and (2) of the definition of Anrξi give that the distance between the points z1 and z2 is at least 32n .
Hence
‖z1 − z2‖ ‖z1 − z2‖ − ‖z1 − z1‖ − ‖z2 − z2‖ > 32n −
1
2n
− 1
2n
= 1
2n
.
To prove (ii), we put δn to be 12n and fix an arbitrary ordinal ξ ∈ [1, ξ) and rational r ∈ (0,1). Then the σ(Z,Z′)-open
halfspace Wξ can provide the required slice. Indeed, Wξ = {y ∈ Z: z∗ξ (y) > αξ } was chosen to have the property
‖.‖ − diam(Wξ ∩B) < δ. Let z be in Unrξ . Then there exists z ∈ Anrξ with ‖z − z‖ < 12n = δn and{
y ∈ Z: ‖y − z‖ 3δn
}⊂ Wξ = {y ∈ Z: z∗ξ (y) > αξ},
hence
z ∈ {y ∈ Z: ‖y − z‖ δn}⊂ {y ∈ Z: z∗ξ (y) > αξ + δn}.
Note that some of the members of the so constructed families may be empty. 
We return to the spaces in the theorem. We will denote by BE and SE respectively the unit ball and the unit sphere
of the Banach space E.
Lemma 2.3. Every norm compact subset of the space E can be covered by the norm ball centered in zero with
radius ε/2 and by finitely many members of the family
U =
∞⋃
n=1
⋃
r,q∈Q
qUnr
built in the previous lemma with ε as δ and (E, τ1) as (Z,σ (Z,Z′)).
Proof. Let L be the norm compact subset of E. We consider the set
L′ = L \ {y ∈ E: ‖y‖ < ε/2}
and its “projection” on SE :
LS =
{
y
‖y‖ : y ∈ L
′
}
.
Since the norm is continuous and it is not less than ε/2 on L′, LS is norm compact as a continuous image of a compact
space. We will denote the sector of BE , generated by L′, by LH :
LH :=
{
αy: y ∈ LS, α ∈ [ε/2,1]
}
.
The above set is compact as well. We assert that there exists a positive real γ such that (1 − γ )B contains LH \ U
where U is the pointwise open set from the previous lemma. Indeed, let us assume the contrary, i.e. there exists
a sequence {yn}∞n=1 of points in LH \ U with ‖yn‖→n→∞1. Since LH is compact and U is open, there exists a
subsequence {ynk }∞k=1 tending to a point y0 in LH \ U . Now the continuity of the norm implies that ‖y0‖ = 1, that is
y0 ∈ SE . This contradicts to U ⊃ SE . A consequence of the above fact and of the continuity of the norm is that
U ∩ BE ⊃ LH \
[
int(1 − γ0)BE
]
whenever γ0 is a positive real strictly less than γ .
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(1 − γ )M  (1 − γ0)M0 < M M0.
As the sequence {(1 − γ0)nM0}∞n=0 tends to zero, we can choose n0 to be a positive integer with (1 − γ0)n0M0 < ε/2.
Then we have
L ⊂
(
n0⋃
n=0
Ln
)
∪ {y ∈ E: ‖y‖ ε/2},
where
Ln := {αy: y ∈ LS, α ∈ [(1 − γ0)n+1M0, (1 − γ0)nM0]}.
The fact we proved shows that the norm compact set Ln is contained in qn(U ∩ BE) where qn = (1 − γ0)nM0.
Now Ln ⊂ qnU and the compactness of Ln implies that it is contained in the union of finitely many of the τ1-open
halfspaces which take part in the definition of U . Taking into account Ln ⊂ qnBE we can conclude that in fact Ln is
contained in the union of finitely many members of the family
⋃
m,r qnUmr . Note that the norm discreteness of qnUmr
and the norm compactness of Ln imply that the latter intersects at most finitely many elements of the family in
question. 
Lemma 2.4. Let K be a closed subset of K . Then the set{
f ∈ C(K,E): f (K)∩U = ∅}
is τ -open whenever U is a τ1-open subset of E.
Proof. Let f be in the set in question, i.e. there exists a point xf in K such that f (xf ) ∈ U . Hence there exists a
τ1-neighborhood of f (xf ) in E which is contained in U :{
y ∈ E: μi
(
y − f (xf )
)
< αi, i = 1,2, . . . , s
}⊂ U,
where μi ∈ F, αi > 0, i = 1,2, . . . , s. Let νxf be the evaluation functional which assigns to a function its value at xf .
Then νxf ∈ T (we assumed that τ2 is stronger than the pointwise topology on C(K)) and so{
g ∈ C(K,E): (νxf ◦μi)(g − f ) < αi, i = 1,2, . . . , s
}
= {g ∈ C(K,E): μi(g(xf )− f (xf ))< αi, i = 1,2, . . . , s}
is a τ -neighborhood of f in C(K,E) and g(xf ) ∈ U , that is g(K)∩U = ∅ for every g in it. 
1st step of the construction
Let us be given a norm discrete family U = {Uξ : 1  ξ < ξ} of τ1-relatively open subsets of qBE having the
additional property from Lemma 2.2, namely:
There exists δ > 0 such that for every ξ ∈ [1, ξ) there exists a norm one functional μξ ∈ F such that the τ1-open
halfspace Wξ = {y ∈ E: μξ (y) > αξ } satisfies
W
(−δ)
ξ =
{
y ∈ E: μξ (y) > αξ + δ
}⊃ Uξ
and
‖.‖ − diam(Wξ ∩ qBE) = ‖.‖ − diam
{
y ∈ qBE : μξ(y) > αξ
}
< qε.
Let us be given also a closed subset K of K . Then we will construct countably many disjunct families W˜kl in C(K,E)
which have the properties:
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Uξ := qBE
∖ (⋃{
Uξ : ξ ∈ [1, ξ)
});
(b) for every set V belonging to some of the families W˜kl there exists a closed subset KV of K such that K \ KV
is nonempty and for every x ∈ K \ KV the norm diameter of the set {f (x): f ∈ V } is less than qε. Moreover,
f (KV ) is contained in Uξ whenever f ∈ V .
First we will construct countably many disjunct families U˜k , k = 1,2, . . ., in C(K,E) sorting the functions with
respect to the behaviour of the sets f (K). Moreover, for each k the family U˜k will consist of τ -open subsets of some
τ -closed subset of C(K,E). Let us put
degU (f,K) :=
∣∣{ξ ∈ [1, ξ): f (K)∩ Uξ = ∅}∣∣
for every continuous E-valued function f on K . Then we define
U˜ k0 :=
{
f ∈ C(K,E): f (K) \ qBE = ∅
}∪ {f ∈ C(K,E): degU (f,K) > k}.
As Uξ ∪ [E \ qBE] are τ1-open in E for every ξ ∈ [1, ξ), the above defined set is τ -open in C(K,E) by Lemma 2.4.
Let ξ1 < ξ2 < · · · < ξk be k elements of the ordinal interval [1, ξ). We put
U˜ kξ1ξ2...ξk :=
{
f ∈ C(K,E): f (K)∩ Uξi = ∅, i = 1,2, . . . , k
} \ U˜ k0 .
Thus we define
U˜k := {U˜ kξ1ξ2...ξk : 1 ξ1 < ξ2 < · · · < ξk < ξ}
which is a disjoint family in C(K,E) consisting of τ relatively open subsets of C(K,E) \ U˜ k0 . Indeed, the set{
f ∈ C(K,E): f (K)∩ [Uξi ∪ (E \ qBE)] = ∅ for every i = 1,2, . . . , k}
is τ -open in C(K,E) and if f (K) \ qBE = ∅, then f is in U˜ k0 . So U˜ kξ1ξ2...ξk are relatively τ -open in C(K,E) \ U˜ k0 .
Moreover, if the indexes (ξ1ξ2 . . . ξk) and (η1η2 . . . ηk) are different (in the sense that at least one of the corresponding
ordinals does not coincide), then the corresponding elements of U˜k have empty intersection, because degU (f,K) > k
implies that f is in U˜ k0 . Note that
∞⋃
k=1
{⋃
U˜k
}
= {f ∈ C(K,E): f (K) ⊂ qBE, f (K) \Uξ = ∅} (2.1)
because the norm discreteness of U and the norm compactness of f (K) implies that degU (f,K) is finite for every
function f in C(K,E).
Now our goal is to split the so defined families in such a way that the values of μξ , ξ ∈ [1, ξ), on one element of the
splitted families to be δ-close. Let us remind that δ > 0 and μξ ∈ F appeared in the assumptions on U . To achieve this,
we fix an arbitrary positive rational q . Let c be a constant with max{h(x): x ∈ K} c‖h‖ for every h ∈ C(K) (because
of the equivalence of the LUR norm on C(K) to the usual uniform norm). Now we can apply Lemma 2.2 with δ being
δ/(cq) and Z being C(K). Thus we obtain the existence of countably many norm discrete families Vnr satisfying
the properties (i)–(iii) of the lemma (here r ∈Q ∩ (0,1), n ∈N). Note that these families depend on q ∈Q ∩ (0,∞).
We denote by m the triple (q, n, r). Then we consider all families Vm = qVnr labeled by the accumulating countable
index m. Their union covers C(K) and every set in them has diameter (in the uniform norm on C(K)) less than δ. We
will lift the families Vm in C(K) to disjunct families V˜m,ξ in C(K,E) by considering the values of the continuous
functional μξ on the space C(K,E). Precisely, if Vm = {Vmη : 1 η < η}, we put V˜m,ξ = {V˜ m,ξη : 1 η < η} where
V˜ m,ξη =
{
f ∈ C(K,E): μξ (f ) ∈ Vmη
}
.
It is trivial to check that the so defined families are really disjunct in C(K,E) and consist of τ -open subsets of some
fixed τ -closed set.
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construct countably many disjunct families W˜ ξ˜ ,l of subsets of U˜ k
ξ˜
. The countable index l = {l(ξ)}ξ∈ξ˜ consists of k-
tuples of indexes “m” of the families Vm. We define
W˜ ξ˜ ,l :=
{(⋂
ξ∈ξ˜
V˜
l(ξ),ξ
η(ξ)
)
∩ U˜ k
ξ˜
: η(ξ) ∈ [1, η) for all ξ ∈ ξ˜
}
.
Now we obtain W˜k,l setting
W˜kl :=
⋃{W˜ ξ˜ ,l : ξ˜ = (ξ1ξ2 . . . ξk), 1 ξ1 < ξ2 < · · · < ξk < ξ}.
Let us check that condition (a) is fulfilled for the so constructed families. Indeed, if f belongs to U˜ k
ξ˜
and ξ ∈ ξ˜ ,
then there exists a positive integer lf (ξ) and an ordinal η(ξ) ∈ [1, η) such that μξ(f ) belongs to V lf (ξ)η(ξ) ∈ V lf (ξ). We
put lf := {lf (ξ)}ξ∈ξ˜ . Then
f ∈
(⋂
ξ∈ξ˜
V˜
lf (ξ),ξ
η(ξ)
)
∩ U˜ k
ξ˜
∈ W˜ ξ˜ ,lf ⊂ W˜klf .
Thus
⋃ U˜k =⋃{⋃W˜kl : l ∈Nk} and having in mind (2.1), (a) is true.
We now turn to condition (b). Let us fix V to be an element of W˜kl contained in U˜ k
ξ˜
and define
KV :=
{
x ∈ K: f (x) /∈
k⋃
i=1
Uξi for every f ∈ V
}
.
Let us note that f ∈ V ⊂ U˜ k
ξ˜
implies that f (K) ⊂ qBE . But ⋃ki=1 Uξi is a relatively open subset of qBE , so the set
{
x ∈ K: f (x) /∈
k⋃
i=1
Uξi
}
is closed in K because of the continuity of f . Therefore KV is closed as an intersection of closed sets. By the
definitions of KV and U˜ k
ξ˜
we have
f
(
KV
)⊂ qBE \
( k⋃
i=1
Uξi
)
and thus f (KV ) is contained in Uξ for every f ∈ V (because f (K)∩Uξ = ∅ whenever ξ ∈ [1, ξ) is not in ξ˜ and f is
in U˜ k
ξ˜
).
Let us fix a point x in the set K \KV (obviously nonempty) and let f be an arbitrary element of V . Since x /∈ KV ,
there exists a function f ∈ V with f (x) ∈⋃ki=1 Uξi . If ξ is an ordinal from ξ˜ , f and f being both in V yields that
μξ (f ) and μξ (f ) are in one and the same element of Vs for some positive integer s. Therefore∥∥μξ (f )−μξ (f )∥∥C(K) < δ.
In particular, |μξ (f (x)) − μξ (f (x))| < δ for every ξ ∈ ξ˜ . Let i ∈ {1,2, . . . , k} be such that f (x) ∈ Uξi . But Uξi ⊂
W
(−δ)
ξi
= {y ∈ E: μξ (y) > αξ + δ} and so μξ (f (x)) > αξ + δ. The latter and the inequality obtained above imply that
μξ (f (x)) > αξ , thus f (x) ∈ Wξi . On the other hand, V ⊂ U˜ kξ˜ yields that f (x) ∈ qBE . Hence{
f (x): f ∈ V }⊂ Wξi ∩ qBE.
But the norm diameter of the set Wξi ∩ qBE is less than qε, which finishes the proof of condition (b).
820 N.K. Ribarska, V.D. Babev / J. Math. Anal. Appl. 350 (2009) 811–8282nd step of the construction
Let W˜ t be a disjunct family in C(K,E) centered by some finite sequence of positive integers t and such that to
every element V of W˜ t a closed subset KV of K is assigned. Let us be given also a norm discrete family Um in E
which is a multiple of some family built in Lemma 2.2 for E as Z and ε as δ. Here the index “m” is a triple (q,n, r)
(q ∈Q ∩ (0,∞), n ∈ N, r ∈ Q ∩ (0,1) are as usual) and Um := qUnr . Then by “a pass” through the first step of our
construction we will mean the following procedure:
We fix an element V of W˜ t and start the first step of the construction with the initial family U in E to be Um and K
to be KV . As a result we get countably many disjunct families in C(K,E) called W˜kl
KV
. We intersect them with V to
obtain countably many disjunct families in the topological space (V , τ ):
W˜klV = W˜klKV ∩ V.
Now for a fixed couple (k, l) of positive integers we have a disjunct family in every element V of W˜ t . Then there
exists a disjunct family W˜(t,m,k,l) in the whole space C(K,E) which equals the union ⋃{W˜klV : V ∈ W˜ t }. The new
label is a finite sequence of positive integers beginning with t and continuing with the triple (m, k, l) whose first
element identifies the family in E we start with and whose last two elements identify one of the resulting countably
many disjunct families obtained after “the pass.” Note that we think about the countable indexes m, l as about positive
integers although their nature is more complicated.
We are ready to define the desired splitting of C(K,E) by repeating the above described “passes” finitely many
times. The labels of the families are finite sequences of positive integers of the form
(m1k1l1,m2k2l2, . . . ,msksls).
They are divided into triples each of which corresponds to a “pass.” Thus we start the first pass with K to be the
whole compact K and some norm discrete family in E of the form Um1 = q1Un1r1 . After applying the first step of
the construction we obtain countably many disjunct families in C(K,E) calling them W˜(m1k1l1) (we still have no a
disjunct family in C(K,E) to refine). To start the second pass we fix one of the families just obtained in one pass,
choose a family Um2 = q2Un2r2 in E and apply the construction to obtain the families W˜(m1k1l1,m2k2l2). Note that
already suitable closed sets KV are assigned to the elements V of W˜(m1k1l1) by our construction. We can continue in
this way s times to obtain a disjunct family in C(K,E) labeled with the finite sequence written above.
To define the splitting of the space, let us fix a countable label
t = (m1k1l1,m2k2l2, . . . ,msksls)
and let us denote by C(K,E)t the set of those functions f belonging to some element V of W˜ t , for which
f (KV ) ⊂
{
y ∈ E: ‖y‖ < ε/2}.
We will prove that for every continuous function f : K → E there exists t with f ∈ C(K,E)t . Moreover, every ele-
ment V of W˜ t , intersected with C(K,E)t , has norm diameter not greater than max{ε, q1ε} (i.e. diam(V ∩C(K,E)t ) <
max{ε, q1ε}).
Indeed, let us fix f and let L be the set f (K). It is a norm compact subset of E. Now Lemma 2.3 yields the existence
of finitely many rational numbers qi , i = 1,2, . . . , i0, and finitely many positive integers {nij : j = 1,2, . . . , ni; i =
1,2, . . . , i0} such that Li is contained in the union of the families Um
i
j = qiUn
i
j , j = 1,2, . . . , ni , for every fixed
i = 1,2, . . . , i0 (for the definition of Li see the proof of Lemma 2.3). The family W˜ t we are seeking for will be
obtained in s =∑i0i=1 ni passes. Its label begins with m11 = (q1n11r11 ). Remembering the definition of q1 we see that
L ≡ f (K) is contained in q1BE . As the family Um11 is norm discrete, L intersects at most finitely many of its elements
(and at least one by its choice), hence there exist a positive integer k11 and a k11-tuple ξ˜ of ordinals such that f belongs
to the corresponding element of the disjunct family constructed in beginning of the first step. Proceeding further, we
find a positive integer l11 such that f is in an element of the corresponding disjunct family (because of condition (a)).
Thus after the first pass we have built a disjunct family W˜(m11k11 l11 ) such that f is in one of its elements. We proceed in
the same way doing n1 passes with initial discrete families Um1j = q1Un
1
j r
1
j , j = 1,2, . . . , n1. The function f belongs
to an element V 1 of the resulting family. Moreover, condition (b) gives that
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({
g(x): g ∈ V 1})< q1ε
whenever x ∈ K \ KV 1 . Also, f (KV 1) does not intersect the union of the families q1Un
1
j r
1
j , j = 1,2, . . . , n1, hence
it does not intersect L1. Therefore f (KV1) is contained in q2BE . Then we can make n2 passes keeping f in some
element V 2 of one of the resulting disjunct families and so on. Repeating this procedure i0 times, we construct the
desired W˜ t . We know that f belongs to some element V ≡ V i0 of W˜ t satisfying the following two conditions:
diam
({
g(x): g ∈ V })< qiε  q1ε
for every x ∈ K \KV and
f
(
KV
)⊂ {y ∈ E: ‖y‖ < ε/2}.
The last statement implies that f is in C(K,E)t and, moreover, the diameter of the set {g(x): g ∈ V ∩ C(K,E)t } is
less than max{ε, q1ε} for every point x in the compact space K . Therefore the uniform norm diameter of V ∩C(K,E)t
is not greater than max{ε, q1ε}.
3rd step of the construction
Let us fix a continuous function g belonging to C(K,E)t . If
ti = (m1k1l1,m2k2l2, . . . ,miki li )
is a beginning of t and Vi is the element of W˜ ti containing g, we will denote the set KVi−1 (the set KV0 is the whole
compact K) by Kgi . Then for every fixed i in {1,2, . . . , s} there exists a ki -tuple ξ˜ gi of ordinals such that g(Kgi )
intersects exactly those elements Umiξ of the family Umi = qiUniri whose labels ξ belong to ξ˜ gi . The following lemma
is straightforward.
Lemma 2.5. Let g ∈ C(K,E)t be arbitrary. We put
βiξ (g) := sup
{
μ
(
g(x)
)
: x ∈ Kgi , μ ∈ Mniriξ
}
whenever ξ ∈ [1, ξ). Then βiξ (g) > qiri if and only if g(Kgi ) intersects qiUniriξ .
Thus whenever g ∈ C(K,E)t exactly ki of the above defined quantities βiξ (g) are greater than qiri (iff ξ ∈ ξ˜ gi ).
We enumerate them to obtain the decreasing finite sequence of positive reals βi1(g) βi2(g) · · · βiki (g). Some of
these real numbers may coincide, so we put
ηi(g) = min{∣∣βiξ ′(g)− βiξ ′′(g)∣∣: ξ ′, ξ ′′ ∈ ξ˜ gi and βiξ ′(g) = βiξ ′′(g)}.
We define also another “measure of freedom” of g to be
ηi(g) = min
{
βiξ (g) − qiri : βiξ (g) > qiri , ξ ∈ [1, ξ)
}
for i ∈ {1,2, . . . , ki}. Now we turn to defining the respective quantity ηi(g) in C(K). Let us remind that on ith step
the family Umi being fixed, then its “measure of discreteness” δ = 1/2ni takes part in the definition of the countably
many discrete families Vmi in C(K). Let V i be their union. They originate from the construction in Lemma 2.2, so
they have the appearance
Vmiη =
⋃
ν∈Nmiη
{
h ∈ qiBC(K): ν(h) > qiri
}
for some sets Nmiη ⊂ T consisting of norm one τ2-continuous functionals. Then for every ξ ∈ ξ˜ gi we define
θiξ (g) = sup
{
(ν ◦μξ )(g): ν ∈ Nl
g
i (ξ)
g
}
,ηi (ξ)
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ηi = min
{
θiξ (g)− qlgi (ξ)rlgi (ξ): ξ ∈ ξ˜
g
i
}
.
Now we are ready to define the following characteristic of g ∈ C(K,E)t :
η(g) = min
( s⋃
i=1
{
ηi(g), ηi(g), ηi(g)
})
.
Using the above defined positive real η(g), we consider
δ(g) = 1
2
(
η(g)
4k
)k
,
where k = 2∑si=1 ki . We look at the positions of equalities and strict inequalities in the finite sequences
βi1(g) βi2(g) · · · βiki (g), i ∈ {1,2, . . . , s},
and split the space into finitely many parts C(K,E)tβ so that the above positions to coincide for all functions g in one
and the same part. For every positive rational η we consider the sets
C(K,E)tβη = {g ∈ C(K,E)tβ : η(g) η}.
It is clear that
δ(g) δ := 1
2
(
η
4k
)k
whenever g ∈ C(K,E)tβη.
The last split we need is
C(K,E)tβηγ =
{
g ∈ C(K,E)tβη: β
i
j (g) ∈ Δij , j = 1,2, . . . , ki,
θ iξ (g) ∈ Δiξ , ξ ∈ ξ˜ gi , i = 1,2, . . . , s
}
,
where Δij and Δ
i
ξ are intervals of the kind (a − δ, a]. It is clear that one can write these intervals in such a way that
the last splitting is countable and covering, that is⋃
γ∈ω0
C(K,E)tβηγ = C(K,E)tβη.
The splitting of the space into countably many parts is over. For the sake of simplicity we will work only with the
unit ball of our space C(K,E) (in the uniform norm), that is we will assume that q1  1. It is clear from Theorem 1.10,
that we are not loosing generality. We claim that whenever f is a function in C(K,E)tβηγ , there exists a τ -continuous
linear functional μ on C(K,E) such that diamS < ε, where
S = {g ∈ C(K,E)tβηγ : μ(g) > μ(f )− δ}.
Let us fix f . To define μ, we introduce the following notations:
(1) μij is a τ1-continuous linear functional on E of norm one belonging to Mniriξj (here ξj is the ordinal, for which
βiξj (f ) = βij (f )) and satisfies
μij
(
f
(
xij
))
> βij (f )− δ
for some point xij belonging to K
f
i .
(2) νiξ is a τ2-continuous linear functional on C(K) of norm one belonging to N
l
f
i (ξ)
η
f
i (ξ)
and is such that
νiξ
(
μξ (f )
)
> θiξ (f )− δ.
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α := η
4k
.
Without loss of generality we can assume that α  1. Let us denote by νij the functional on C(K) which assigns to
every function h its value at the point xij defined in (1). It is clear that νij (i = 1,2, . . . , s and j = 1,2, . . . , ki ) are τ2-
continuous linear functionals on C(K). The required functional μ will be some linear combination of the functionals
νij ◦ μij , νiξ ◦μξ . Thus we have
μ(g) =
s∑
i=1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g)+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦ μξ
)
(g)
)
,
where αij and γ
i
ξ are some positive coefficients we will define below. All of them will be powers of α.
We think about the functionals involved in the definition of μ as an ordered (not strictly) finite sequence. The order
is lexicographic where the upper index i is the first, then all fuctionals in the first sum are before the ones in the
second sum. Moreover, the equalities and strict inequalities between the functionals νij ◦μij , j = 1,2, . . . , ki , coincide
with the respective relations in the finite sequence {βij (f )}kij=1. All functionals {νiξ ◦ μξ }ξ∈ξ˜ fi are considered to be on
one level in our ordering. We choose the coefficients to be αp−1 for the functionals which are in the level p in the
above described ordering. We are going to implement an induction procedure on p, aiming to prove that the slice S is
contained in one element of the family W˜ t which together with S ⊂ C(K,E)t and the assumption q1  1 yields the
desired conclusion diamS < ε.
We will describe the first step of the induction separately. Thus i = 1 and we denote
D11 =
{
j : β1j (f ) = β11
}
.
Let us remind that the above means that
β1j (f ) = sup
{
μ
(
f (x)
)
: μ ∈ Mn1r1ξ , ξ ∈ [1, ξ), x ∈ K
}
whenever j ∈ D11 . Note that at the first step the set Kg1 is K for all functions g ∈ C(K,E). We have set the coefficients
of the functionals ν1j ◦ μ1j to equal one for j ∈ D11 and the coefficients of all the rest functionals to be positive reals
which are less than or equal to α.
Let g be an arbitrary function in C(K,E) and let ζ = ν ◦ μ be any of the functionals not belonging to the first
level. If ν is an evaluation functional (i.e. ν(g) = g(x) for some fixed x ∈ K), we have
ζ(g − f ) = μ((g − f )(x)) ‖μ‖.(‖g(x)‖ + ‖f (x)‖) 2q1  2
as μ has norm one. If ν is not an evaluation functional, it is of norm one and we use that we assumed the equivalent
LUR norm on C(K) to be not greater than the usual uniform norm:
ζ(g − f ) = ν(μ(g − f )) ‖ν‖.‖μ(g − f )‖max{∥∥μ((g − f )(x))∥∥: x ∈ K} 2.
Thus we know that∑
j>supD11
α1j
(
ν1j ◦ μ1j
)
(g − f )+
∑
ξ∈ξ˜ f1
γ 1ξ
(
ν1ξ ◦μξ
)
(g − f )
+
s∑
i=2
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦μξ
)
(g − f )
)
 2αk.
To estimate the value on (g − f ) of the functionals in the first level we make use of the choice of β1j (f ). Indeed, for
every j ∈ D1 we have1
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ν1j ◦μ1j
)
(g − f ) = μ1j
(
g
(
x1j
))−μ1j (f (x1j ))< μ1j (g(x1j ))− β1j (f )+ δ
 β1ξj (g)− β1j (f )+ δ max
{
β1ξ (g): ξ ∈ [1, ξ)
}− β1j (f )+ δ.
On the other hand
β11 (g) = β1j (g) = max
{
β1ξ (g): ξ ∈ [1, ξ)
} ∈ Δ11
whenever j ∈ D11 and β11 (f ) = β1j (f ) ∈ Δ11 as well. Therefore(
ν1j ◦μ1j
)
(g − f ) < 2δ
because the interval Δ11 has length δ. So we obtained the inequality(
ν1
j
◦μ1
j
)
(g − f ) = μ(g − f ) −
∑
j∈D11\{j}
(
ν1j ◦ μ1j
)
(g − f )
−
∑
j>supD11
α1j
(
ν1j ◦μ1j
)
(g − f )−
∑
ξ∈ξ˜ f1
γ 1ξ
(
ν1ξ ◦ μξ
)
(g − f )
−
s∑
i=2
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦μξ
)
(g − f )
)
> μ(g − f ) − 2δ(k − 1)− 2kα
for a fixed j ∈ D11 . Let g be an arbitrary function in the slice{
g′ ∈ C(K,E): μ(g′) > μ(f )− δ, g′(K) ⊂ q1BE
}
.
We will show that g(K) intersects q1Un1r1ξj . Indeed, making use of (ν
1
j
◦ μ1
j
)(f ) = μ1
j
(f (x1
j
)) > β1
j
(f )− δ, we have
(
ν1
j
◦μ1
j
)
(g) > β1
j
(f )− 2kδ − 2kα  β1
j
(f ) − 3kα = β1
j
(f )− 3
4
η β1
j
(f )− η + 2δ.
As β1
j
(f ) − q1r1  η, the above inequality implies μ1
j
(g(x1
j
)) > q1r1 thus having that g(x1
j
) belongs to q1Un1r1ξj .
Moreover,
β11 (g) = β1j (g) β1ξj (g) μ
1
j
(
g
(
x1
j
))
> β1
j
(f )− η + 2δ  β1
supD11+1
(f )+ 2δ  supΔ1
supD11+1
+ δ.
Hence β1ξj (g) should be the maximal among all {β
1
ξ (g): ξ ∈ [1, ξ)} and should belong to the first interval Δ11 = Δ1j .
This completes the first step of our induction, that is g(K) ∩ Um1ξj = ∅ and β
1
ξj
(g) = β11 (g) ∈ Δ11 whenever g ∈ S and
j ∈ D11 .
Further we need two lemmata which essentially contain the general step of the induction.
Lemma 2.6. Let us fix an index (i, j), i ∈ {1,2, . . . , s}, j ∈ {1,2, . . . , ki}, and let
Di
j
:= {j : βij (f ) = βij (f )}.
We assume that the coefficients αij equal αp whenever j ∈ Dij . Moreover, the coefficients of all subsequent functionals
are less than or equal to αp+1 (that is the coefficients of νiξ ◦μξ for i  i, νij ◦μij for i > i and νij ◦μij for j > supDij ).
Let us have already shown that every function g ∈ S belongs to the same element as f of the disjoint family W˜ ti−1 , in
particular Kfi = Kgi . Moreover, let us have shown that βiξj (g) = βij (g) ∈ Δij whenever i < i or i = i and j < infDij .
Then we claim that g(xi ) ∈ qiU
niri
ξ (hence g(Kgi )∩ U
mi
ξ = ∅) and βiξ (g) = βi (g) ∈ Δi .j j j j j j
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j
◦μi
j
)(g). We have
(
νi
j
◦μi
j
)
(g − f ) = 1
αp
μ(g − f )− 1
αp
i−1∑
i=1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦ μξ
)
(g − f )
)
− 1
αp
∑
j<infDi
j
αij
(
νij ◦μij
)
(g − f )−
∑
j∈Di
j
\{j}
(
νij ◦μij
)
(g − f )
− 1
αp
∑
j>supDi
j
αij
(
νij ◦μij
)
(g − f )− 1
αp
∑
ξ∈ξ˜ f
i
γ iξ
(
νiξ ◦μξ
)
(g − f )
− 1
αp
s∑
i=i+1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦μξ
)
(g − f )
)
.
Let us fix one of the previous functionals with its exterior part being an evaluation functional on C(K), i.e. ζ = νij ◦μij
with i < i and an arbitrary j or i = i and j < infDi
j
. Then
(
νij ◦μij
)
(g − f ) = μij
(
g
(
xij
))− μij (f (xij )) βiξj (g)− βij (f )+ δ.
But we have already shown that βiξj (g) = βij (g) and hence it belongs to the interval Δij , to which belongs βij (f ) as
well. Thus we can estimate the value of the considered functional on (g − f ) by 2δ from above:(
νij ◦μij
)
(g − f ) 2δ.
Let now ζ be one of the functionals νiξ ◦ μξ for i < i. Then the ki -tuples ξ˜ gi and ξ˜ fi , the indexes lgi (ξ) and lfi (ξ) as
well as the labels ηgi (ξ) and η
f
i (ξ) (for ξ ∈ ξ˜ fi ) coincide because we have already shown that f and g are in one and
the same element of W˜ ti−1 . Therefore we have(
νiξ ◦μξ
)
(g − f ) = νiξ
(
μξ(g)
)− νiξ (μξ (f )) θiξ (g)− θiξ (f )+ δ  2δ.
As all the coefficients are not greater than one, we obtain
1
αp
i−1∑
i=1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦ μξ
)
(g − f )
)
+ 1
αp
∑
j<infDi
j
αij
(
νij ◦μij
)
(g − f )
2δ(k − |Di
j
|)
αp
.
Now let ζ be any of the subsequent functionals and let γ  αp+1 be its coefficient. As in the first step, we show that
ζ(g − f )max{∥∥(g − f )(x)∥∥: x ∈ K} 2.
Having in mind that γ /αp  α, we obtain the following inequality:
1
αp
∑
j>supDi
j
αij
(
νij ◦ μij
)
(g − f )+ 1
αp
∑
ξ∈ξ˜ f
i
γ iξ
(
νiξ ◦ μξ
)
(g − f )
+ 1
αp
s∑
i=i+1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ f
γ iξ
(
νiξ ◦μξ
)
(g − f )
)
 2αk.i
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j
and j = j . Then again we have
(
νij ◦μij
)
(g − f ) βiξj (g) −μij
(
f
(
xij
))
 βiξj (g) − βij (f )+ δ.
But we already know that βiξl (g) ∈ Δil whenever l < infDij . Hence
max
{
βiξ (g): ξ /∈ {ξ1, ξ2, . . . , ξinfDi
j
−1}
}
 supΔi
j
 βi
j
(f )+ δ
and so (νij ◦ μij )(g − f ) 2δ whenever j ∈ Dij \ {j}. Therefore
∑
j∈Di
j
\{j}
(
νij ◦ μij
)
(g − f ) 2δ(∣∣Di
j
∣∣− 1) 2δ(|Dij | − 1)
αp
.
Now we are ready to go back to the estimate of μi
j
(g(xi
j
)). The just obtained inequalities give
(
νi
j
◦μi
j
)
(g − f ) 1
αp
μ(g − f )−
2δ(k − |Di
j
|)
αp
−
2δ(|Di
j
| − 1)
αp
− 2kα > − 1
αp
δ − 2δ(k − 1)
αp
− 2kα.
Let us recall that μi
j
(f (xi
j
)) > βi
j
(f )− δ, so
μi
j
(
g
(
xi
j
))
> βi
j
(f )− 2δk
αp
− 2kα = βi
j
(f )− 2k
αp
.
1
2
.αk − 2kα
 βi
j
(f )− 3kα = βi
j
(f )− 3
4
η βi
j
(f )− η + 2δ.
We used that p  k − 1, α  1 and δ  η/8. Thus the following chain of inequalities holds true:
βiξj
(g) μi
j
(
g
(
xi
j
))
> βi
j
(f )− η + 2δ  qiri + 2δ
because βi
j
(f )− qiri  η. In particular, this implies that
μi
j
(
g
(
xi
j
))
> qiri
which together with μi
j
∈ Mqiriξj , x
i
j
∈ Kf
i
yields that g(xi
j
) ∈ Umiξj .
To complete the proof of the lemma, we note that
βi
j
(g) = max{βiξ (g): ξ /∈ {ξ1, ξ2, . . . , ξinfDi
j
−1}
}
 βiξj (g)
> βi
j
(f )− η + 2δ  βi
supDi
j
+1(f )+ 2δ  supΔ
i
supDi
j
+1 + δ.
Therefore βiξj (g) /∈ Δ
i
j whenever j > supD
i
j
. The latter yields βi
j
(g) = βiξj (g) ∈ Δ
i
j
and the lemma is proved. 
Lemma 2.7. Let us fix i ∈ {1,2, . . . , s}. Let us have already proved that every function g ∈ S belongs to the same
element as f of the disjoint family W˜(ti−1,miki ) (that is, S is contained in one element of W˜ ti−1 and the whole of it
rests in one element of the disjoint family obtained from W˜ ti−1 after the first part of step 1). In particular, the ki -tuples
ξ˜
g
i
coincide for all functions g ∈ S . Moreover, let βiξj (g) = βij (g) ∈ Δij for every i  i and arbitrary j . We assume
that the coefficients γ iξ equal αp whenever ξ ∈ ξ˜ fi . Again, let the coefficient of all subsequent functionals be less than
or equal to αp+1 (the subsequent functionals now are νij ◦μij and νiξ ◦μξ for i > i and arbitrary j , ξ ). We will prove
that S is contained in an element of W˜ ti .
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i
. Then
(
νi
ξ
◦μξ
)
(g − f ) = 1
αp
μ(g − f )− 1
αp
i−1∑
i=1
(
ki∑
j=1
αij
(
νij ◦ μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦μξ
)
(g − f )
)
− 1
αp
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )−
∑
ξ∈ξ˜ f
i
\{ξ}
(
νiξ ◦μξ
)
(g − f )
− 1
αp
s∑
i=i+1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦ μξ
)
(g − f )
)
.
As in the proof of the last lemma, the previous functionals are small on (g − f ) and we make the subsequent ones
small because of their coefficients. Indeed, if i  i and j ∈ {1,2, . . . , ki}, we have(
νij ◦μij
)
(g − f ) = μij
(
g
(
xij
))− μij (f (xij )) βiξj (g)− βij (f )+ δ = βij (g)− βij (f )+ δ  2δ.
Similarly, if ξ ∈ ξ˜ fi , we obtain(
νiξ ◦μξ
)
(g − f ) = νiξ
(
μξ(g)
)− νiξ (μξ (f )) θiξ (g)− θiξ (f )+ δ  2δ.
We can implement the above estimate for an arbitrary i  i, because we already know that f and g belong to one
and the same element of the family W˜(ti−1,miki ), which implies that the ki -tuples ξ˜ fi , ξ˜ gi and the indexes lfi (ξ), lfi (ξ)
coincide for all i  i (now i is included). Note that for i = i we are not sure that the labels ηfi (ξ), ηgi (ξ) coincide
(it is what we are going to prove now), but nevertheless the above estimate is true. Indeed, μξ (g) belongs to exactly
one element of the family Vmi , so the quantity sup{(ν ◦μξ)(g): ν ∈ Nl
g
i (ξ)
η } is greater than qiri if and only if η is the
label ηgi (ξ). Thus ν
i
ξ (μξ (g))  θiξ (g) even if νiξ is not in N
l
g
i (ξ)
η
g
i (ξ)
. Using that the coefficients are not greater than one
(and α  1), we have
1
αp
i−1∑
i=1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦ μξ
)
(g − f )
)
+ 1
αp
ki∑
j=1
αij
(
νij ◦ μij
)
(g − f )+
∑
ξ∈ξ˜ f
i
\{ξ }
(
νiξ ◦ μξ
)
(g − f ) 2δ(k − 1)
αp
.
We now estimate the subsequent functionals:
1
αp
s∑
i=i+1
(
ki∑
j=1
αij
(
νij ◦μij
)
(g − f )+
∑
ξ∈ξ˜ fi
γ iξ
(
νiξ ◦ μξ
)
(g − f )
)
 1
αp
s∑
i=i+1
(
ki∑
j=1
αij
∥∥(g − f )(xij )∥∥+ ∑
ξ∈ξ˜ fi
γ iξ max
{∥∥(g − f )(x)∥∥: x ∈ K}
)
 2q1
s∑
i=i+1
(
ki∑
j=1
αij
αp
+
∑
ξ∈ξ˜ fi
γ iξ
αp
)
 2αk.
We used that the coefficients of all subsequent functionals are not greater than αp+1. Combining the so obtained
inequalities we have
828 N.K. Ribarska, V.D. Babev / J. Math. Anal. Appl. 350 (2009) 811–828νi
ξ
(
μξ (g − f )
)
 1
αp
μ(g − f )− 2δ(k − 1)
αp
− 2kα.
Therefore
νi
ξ
(
μξ (g)
)
> νi
ξ
(
μξ (f )
)− 1
αp
δ − 2δ(k − 1)
αp
− 2kα  θi
ξ
(f )− 2δk
αp
− 2kα
 θi
ξ
(f )− 3kα = θi
ξ
(f )− 3
4
η θi
ξ
(f )− η + 2δ  qli (ξ)rli (ξ) + 2δ.
The latter inequality implies that
νi
ξ
(
μξ (g)
)
> qli(ξ)
rli (ξ)
and so μξ(g) belongs to the same element of V˜ li (ξ) as μξ (f ) (remember that νiξ ∈ N
l
f
i
(ξ)
η
f
i
(ξ)
). Having in mind that the
label ξ was chosen arbitrary in ξ˜ f
i
, the lemma is proved. 
Let us have shown that S is contained in an element of W˜ ti−1 . We will prove that then it is contained in an element
of W˜ ti , ti = (ti−1,miki li). Indeed, we can apply Lemma 2.6 subsequently ki times and we will obtain in particular that
g(K
g
i ) intersects qiU
niri
ξj
, j = 1,2, . . . , ki , i.e. exactly those ki elements of the family qiUniri in E as the function f .
The latter means that f and g belong to one and the same element of W˜(ti−1,miki ). It remains to apply Lemma 2.7 to
obtain the desired conclusion.
Thus we proved that the slice S is contained in an element of W˜ t = W˜ ts and hence it has a norm diameter less
than ε (here is the only place to use q1  1). This completes the proof of the theorem.
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